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EXECUTIVE SUMKARY

This report illustrates the application of three different procedures for
design of a servo-mechanism controller which will track input servo-comands
and, at the same time, accommodate an external disturbance input. Two of the
procedures were proposed by Johnson [1, 3, 6]; one uses optimal control tech-
niques and the other uses a linear algebraic approach. The third technique,
for design of a robust controller, was proposed by Davison [8, 9].

These three techniques were applied to an example consisting of a linear,
time-invariant second-order plant with servo-command Inputs of the form yc -

*~c 0 + cit and an external disturbance input of w - et. A servo controller was
designed using each technique to demonstrate the various steps involved in

- each approach. The performance of the resulting controllers was then inves-
- tigated.

The simplest controller design was found to be that resulting from the
* application of Johnson's linear algebraic approach. The controller designed

using Johnson's optimal control approach was the most computationally complex
of the three techniques and was also the most sensitive to variations in the
system gains. The controller resulting from Davison's approach required the
most additional integrators for its implementation and gave the worst tran-
sient response to an initial condition. All of the controllers were found to

4. be sensitive to differences between the actual and modelled disturbance input
to the plant, with the controller from Davison's technique being the least
sensitive. All of the controllers demonstrated good servo-tracking perfor-
mance in the absence of external disturbances and all were able to accommodate
the effects of the external disturbance out to a run time of about 10 seconds.

iii/Civ blank)
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I. INTRODUCTION

Disturbances are defined as the uncontrollable inputs which act on a dy-
namical system. There are many varieties of disturbance inputs which can be
associated with a controlled system and they are, for the most part, complete-
ly unpredictable in magnitude and in their arrival times.

Johnson [1-7,10] introduced the idea of mathematically describing uncer-
tain waveform-structured disturbances by representing them as a weighted
linear combination of known basis functions of the form

n
W(t) - cifi(t) ,  (1)

i-I

where w(t) is the plant disturbance vector and is a p-vector, and the
weighting coefficients ci are completely unknown constants which can change in
magnitude in a random, once-in-a-while fashion. The basis functions fi(t) are
completely known because they are chosen by the designer based on the waveform
patterns exhibited (or thought to be exhibited) by the disturbance.

Johnson also proposed [1,3,6] two systemmatic procedures for designing
multivariable servomechanism controllers which can operate in the face of
these unknown, waveform-type external disturbances and unknown waveform-type
servo-command inputs. Davison, et al., [8,91 proposed alternative design pro-
cedures for the same class of servomechanism control problems.

In this report, these design techniques will be applied to an example
plant in order to compare the controller design procedures. The main steps in
each design procedure are listed. The performance of each of the controllers
is examined and the results presented. In addition, the sensitivity of each
of the controllers to variations in the associated control gains and to mis-
matches between the actual disturbance acting on the plant and the disturbance
modelled in the design process are investigated.

w, %. . . ..... . . . . . . . . .,..,*- .. -. ...... . •
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II. PLANT, SERVO-COMMAND AND EXTERNAL DISTURBANCE GENERAL MODELS

The systems considered in this report are described in two different ways
to maintain consistency with the nomenclature in the references where the de-
sign techniques are presented.

For use in the two design techniques proposed by Johnson, these systems
are represented as follows. The plant is described by equations of the
general form

i(t) - Ax(t) + Bu(t) + Fv(t) (2)

y(t) - Cx(t) + Eu(t) + Gw(t) (3)

where x(t) is the plant state vector and is an n-vector, u(t) is the plant
control input vector and is an r-vector, w(t) is the plant disturbance vector
and is a p-vector, y(t) is the plant output vector and is an u-vector and A,
B, F, C, E and G are appropriate size, known matrices with time-invariant
elements.

v The general form of the disturbance state model is

v(t) - Hz(t) + Lx(t) (4)

i(t) - Dz(t) + Mx(t) + o(t) (5)

where z(t) is the p-dimensional disturbance state vector, a(t) is a sparsely
populated vector impulse sequence and H, L, D and M are appropriate size,
known matrices.

The general form of the servo-command state model [3] is

yc(t) - Gcc(t) (6)

- Ecc(t) + P(t) (7)

where c(t) is the v-dimensional servo-command state vector, g(t) is a sparsely
populated vector impulse sequence and Gc and Ec are appropriate size, known
matrices.

For use with the design technique proposed by Davison, these systems are
represented as follows. The plant, in this case, must be linear and time-
invariant and is described as (81

i - Ax + Bu + Ew (8)

y - Cx + Du + Fw (9)

where w represents the disturbance vector and is an 0-vector, x is an n-
vector, u is an u-vector and y is an r-vector and is the output which is to be
regulated. The error in the system is the difference between the output y and
the specified reference input Yref and is described as [9]

2



e - Cx + Du + Fw- Gyref. (10)

The disturbance vector is described as [81

-l - A1 Zl, (11)

W C1 z1, (12)

where (Cl, Al) is observable, zl(O) may or may not be known, and zi is an nI-
vector. The specified reference input vector is described as [81

Yref = 
-a (13)

2  A2 z2 (14)

a- C2 z2  (15)

where (C2 , A2) is observable, z2(0) is known and z2 is an n2-vector.

3
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I1. MODELS FOR THE EXAMPLE PLANT

The example [121 to which each of the design techniques is to be

applied is as follows. The plant is described by

- y - U + . (16)

The external disturbance which is assumed to act on the plant is described by

;- Wvm , (17)

almost everywhere. The servo-command input to the plant is given as

c 0, (18)

almost everywhere.

In terms of the state-space models given in Section II, the differential
equations (16), (17), and (18) can be represented as follows. For the plant,
let

x1 -y (19)

x2  . (20)

They, from Equation (16), one has

2 - y - y + u + w - x1 + u + v (21)

and it follows that, in terms of Equations (2), (3), (8), and (9), the plant

model is given by

S++(22)

': g(::) +G()u + (0)w(3

y - (1, O)x . (23)

The external disturbance given by Equation (17) represents an exponential type
disturbance, i.e.,

w(t) - cet . (24)
Y

if

z m- cet , (25)

then

z w a ce t = z (26)

4
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and the external disturbance model can be represented in terms of Equations
(4) and (5) as

w - z (27)

i- z + 0(t) .(28)

In terms of the disturbance model given by Equations (11) and (12), the dis-

turbance is represented as

- zl (29)

i - zl (30)

The servo-command given by Equation (18) represents

jc(t) - c1  (31)

Yc(t) - co + clt (32)

which can be expressed in terms of Equations (6) and (7) as

Yc - (1, O)c (33)

-+ 1t) •(34)

(E2/ [0 0 c2)

For the model given by Equations (13) through (15), the servo-command is re-
presented as

/Z21 
( :21 \

S\z22) (35)

-'(1.'0)(21 (36)

\z22/

Yref " o (37)

5



IV. BACKGROUND

A detailed description of the two design techniques proposed by Johnson
can be found in [1,3,61. In both procedures, the purpose is to design control
components, where the total control is allocated as

u(t) - uc + us , (38)

so that the effects of the external disturbances are absorbed (or minimized)
and the primary control task is achieved. The component us is designed to
achieve the primary control task, i.e., y(t) * yc(t) "rapidly." The component
uc is designed to accomplish the external disturbance absorption.

In the procedure described in [1, optimal control techniques are applied

and the control us is designed to minimize a quadratic performance index J in-
volving the tracking error, defined as

(t) - Yc(t) - y(t) , (39)

and the control component us . In the procedure described in [3], linear alge-
braic methods are utilized to design us. This technique is extended in [61
where improved computational procedures are presented for calculating the
necessary feedback gains.

Both of these design techniques involve the design of a composite state
observer to provide estimates of the plant, servo-command and external dis-
turbance states for use in the controllers.

The technique proposed by Davison, et al., [8,9] is for the design of a
controller which is robust to external disturbance effects and to perturba-
tions in plant parameters and system gains. This controller requires the de-
sign of a stabilizing compensator, called a complementary controller, and a
new type of compensator, called a servo-compensator. The complementary con-
troller is a model of the plant and is designed to stabilize the closed loop
system consisting of the plant/servo-compensator/complementary-controller com-
bination. The servo-compensator is a model of the disturbance/reference in-
puts to the system. Its purpose is to assure that the controlled system is
stabilizable and will achieve robust control.

None of the above techniques require that the external disturbance be
measureable. All of the techniques use a model of the plant as part of the
controller. Davison's servo-compensator can be designed without necessarily
knowing the exact models for the external disturbance or reference inputs.
Johnson's techniques also use a model of the external disturbance input and of
the reference input, but these must be either known or assumed as known. In
Davison's technique, consideration is restricted to linear, time-invariant
plants. Johnson's techniques do not require that the plant be time-invariant.

6



V. DESIGN TECHNIQUE 1

In this section, the design technique proposed by Johnson in [1] is ap-
plied to the plant of Section III. As stated in Equation (38), the control u
is divided into two parts: (1) uc, which is to be designed to counteract the
external disturbances and (2) us, which is to be designed so that y(t) follows
Yc(t). To achieve the condition that the output follows the reference input,
us Is to be designed to minimize a performance index J of the form [1)

T+ I f c/)~tct T

-[u;xo,to,T] :cT(T)Se(T) + [T(t (t) + u* Rus]dt , (40)

to

where S, Q, R are positive definite matrices.

The basic steps involved in the design of the control components by this
technique are as follows:

1. Obtain the state model for the expected external disturbances in
the form given by Equations (4) and (5).

2. Obtain the state model for the expected servo-commands in the form
- given by Equations (6) and (7).

3. Check for satisfaction of the complete absorbability condition for
the external disturbance.

4. If total absorption of the external disturbance is possible,
choose uc to absorb the disturbance.

5. Implement a composite state observer which will provide accurate
estimates of the plant and external disturbance states. Implement uc by using
the outputs of this observer.

6. Design us by first forming a composite "state" vector

= (x c)T . (41)

Next, express the servo-tracking error in terms of x as

E - [-C I Gcx , (42)

and rewrite the performance index given in Equation (40) as

J* T

J[us;xo,t 0 ,T] - -= + j [x(t)Q(t)x(t)+u (t)Rus(t)]dt . (43)

to

7
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7. Using standard linear-quadratic regulator theory, implement the
control us as

U0

s 8 [l(t) l K2 (t)]f " (44)

Steps 1 and 2 were accomplished in Section III. The disturbance state
model is given by Equations (27) and (28) and the servo-command state model by
Equations (33) and (34). For step 3, complete absorption of the external dis-
turbance term, ideally, will require that

Uc(t) - - Fv(t) (45)

for all admissible v(t) and for all tt O . For this to be possible, the fol-
lowing absorbability condition must be satisfied:

R[F] C_ R[B] , to_< t < T , (46)

(where R['] denotes the column range space of [']), i.e.,

Rank[B I F] - Rank[B] . (47)

If this condition is satisfied, the implication is that

F - Br (48)

for some matrix r. For this example,

Rank[Bj F] -Rank[ ]m10 1 (49)

Rank[B] - Rank () - 1 ; (50)

therefore, complete absorption of the external disturbance is possible and

F B ir for

r- 1. (51)

The form chosen for uc in (11 (step 4) is

uc - By + RY , (52)

where y is the output of

""Y + YY + (? 12 + X)Bus (53)

and is an (n+p-m)-vector. The terms shown in Equations (52) and (53) are de-
fined in [1] as follows:

-5 (T12 + EC)(AT 1 2 - i 1 2 ) + 'f2 2 (DT2 2 - i2 2 ) (54)

8



E - -DE + (T12 + E)(A(C)T - (at)T) + j (55)

- -r T22 . (56)

Z -- WE (57)

T T -1 T
Y12 - (T12 T12 + T22 T22) T12  (58)

T T -1 T

Y22 a (T12 T12 
+ T22 T22) T22 * (59)

The matrices T12 and T22 are a pair of once-differentiable nx(n+p-m)
and uz(n+p-u) matrices, respectively, such that

[C lo]T 2 T T T - (60)

12T122 1 0

and
T T

Rank[T12 1 T2 2 ] -n+-"m " (61)

The matrices T12 , T22, T12, T22 are part of the structure of a reduced-order
observer.

The reduced-order observer (step 5 above) which provides estimates of
the plant and disturbance states for use by the controller is given in [1] as
follows. Define the variable

0(t) - - &() + Ey(t) + Y1 2 x(t) + Y22 z(t) (62)

and let the plant state estimate i(t) and the disturbance state estimate i(t)
be defined as

(t) - [(Ct)T - T12 E]Y(t) + T1 2 () (63)

i(t) - T22 (W(t) - Ey(t)) - (64)

The parameter (t) is governed by the equation [1)

(D + EH) + [(T12 + EC)(A(C ) - (Ct)T)

- (V + EH) E + il y + (T1 2 + EC)Bu

= (V + EH) + ly + Wi, (65)

with vl r
A F T1 T12 j

[-fT.2 IT22  [ i- " (66)

0 D T22j2

4 9
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I'. (C 1 1 A- 1 - T1

H= (C 101 -I (67)
I ' L22/5

0~ DJ LT22]LT2
The evolution equation for e(t) in Equation (62) is given (1] as

=- (0+ EH~c + Y2 2 C(t). (68)

If E is chosen in Equation (55) such that e(t) + 0 "rapidly," then ^ and ^
will be accurate estimates of x and w. This matrix Z is then used in Equa-
tions (53), (54), (55) and (57).

For this example, step 5 continues as follows. From Equation (61),
one has

T T
Rank[T IT2 2+1-1 - 2, (69)

and from Equation (60) one has

[C 10] T12  [ 1 0 101 FT121 0. (70)

T21 TL
If T1 2 and T22 are chosen as0 °0

T [ ; T22 - (1, 0) , (71)
0 1

then Equation (70) is satisfied. From Equations (58) and (59), respectively,
T12 and T22 can be calculated to be

Y12 -(72)

T22 
=  (1, O)T . (73)

Making the appropriate substitutions into Equation (67) allows H to be found
as

H (0, 1). (74)

Similarly, substituting into Equation (66) gives V as

~ :1 (75)

9.O
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Using these results, Equation (68) can be expressed as

= + (0,1) C a ] e Re (76)L' L 12 (

It is desired to have e(t) * 0 "rapidly," therefore, ol and 012 should be de-
signed to accomplish this. The characteristic polynomial of R in Equation
(76) is

2
- (1 + 012)k - (Ol1 - 12) - 0. (77)

For good response, it is desired that this characteristic polynomial be given
by

X,2+ 16% + 64 - 0 (78)

i.e., that the characteristic roots be placed at X1 - X2 - -8. If Equations
(77) and (78) are compared, It can be seen that one must have

r = - 7 . (79)

(12 _1
The expression for t(t), Equation (65), can next be computed. The matrices
Q and T are evaluated to give

Q- (T12 + C)B - , (80)

(10)

S 12 + DC)[A(Ct)T - (C±-T] - (D + EH) E + -( -207) (81)

where Ct is given by

Ct . (CCT)-lC - (1, 0) , (82)

and is finally expressed as

-81] 1296.
~~+ Iy+ (0) u .(83)

-1 \-207/ 1

The plant and disturbance state estimates ^ and i are then given as shown in
Equations (63) and (64), respectively, as

y + (12)(84)

and

1"1

' .. . . . . ...... -...............- ,.. ............- ,, -'.>.-.-
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=El + 81y. (85)

To complete step 5 above, the linear dynamic device represented by
Equation (53) must also be implemented. From Equations (54) through (57), one
has

D - (86)

-1

( 1 (87)
\ -288/

s - (-1, 0) (88)

U- -81 , (89)

therefore, Equation (53) can be expressed as

1 [ 1 (Y) + y () .
+ (90)

The output of Equation (90) is then used, along with the plant output y, to

implement uc, as shown in Equation (52), as

uc - -81y - Y1• (91)

The next step in the design procedure is step 6 above, the design of
the control us . In Equation (41), a composite "state" vector was defined as

x - (x j c)T, i.e., a composite of the plant and servo-command states. The
performance index J, which us is designed to minimize was given by Equation
(43) in terms of this composite state vector. In Equation (43), the matrices

S and Q are defined as

[-C 1Gc11 S[-C 1Gc] (92)

S- [-C IGc]T Q(.-c Jc] . (93)

For the example in this report, S and Q will be chosen as

S - Q - 1 (94)

The gain matrices K1 and K2 shown in Equation (44) are given by (1,101

K1 - -R-1 BT Kxx (95)

K2 - -R-1 BT KxcC (96)

12



and the matrices Kc, Kxc are solutions of the coupled matrix differential
equations

m (-A + BR-l BT Kx)T Kx - KxA -C T C; Kx(T) - CTSC (97)

i xc - (-A + BR71 BT xc)T Kxc - Kxc E + CT QGc; Kxc(T)I-CTsGc .  (98)

Equations (97) and (98) can be solved once and for all by integrating in back-
ward time, starting at t - T, using the initial conditions indicated. Expand-
ing Equation (97) results in

ixi ~ ~ k 3 (kx3-r)-r-rkA2  x(3-)kl(1/r) [2 ] (99)
ix x] kx4 kx3-rkX1-rkA4 kx4 rkx2 -rkx3

and expanding Equation (98) results in

kxc. xc Ikxc3(kx3-r)+r kxc4(kx3-r)-rkxclcL c2 - (1/r) L x (100)

kxc3 kxc4 kx4kxc3rkxcl kx4kxc4rkxc2rkxc3

For backward time integration, let

t - T - r, dt =-dr . (101)

Substituting Equations (101) into Equations (99) and (100) yields

dkxl( r) dkx2 ( T)1

d- T 1 kx3(kx3-r)-r-rkx2 kx4(kx3-r)-kxlr

. (-1/r) (102)
dk() d kx4kx3-rkxl-rkx4 k2-rkx2-rkx3 j

and

dkxcl( ) dkxc2( )] kxc3(kx3 -r)+r kxc4(kx3-r)-rkxcl 1
dT- (-/r)

dkxc3 ()dkxc4()

dc d J Lkx4kxc3-rkxcl kx4kxc4-rkxc2-rkxc3] (103)

with the initial conditions given by

K(T)- CTsC -cTC-[-0 ] (104)

13
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KXc(T) - CT:SGc - CTcc - . (105)i0 0
Equations (102) and (103) were programmed in a digital simulation and

runs were made, for several different values of r, to obtain steady-state
gains. The results are presented in Table 1.

TABLE 1. Steady-State Optimal Gains

R kjl ! = ,, k, k. I k.,7 k. I .

10. 21.231 20.488 20.243 -1.93 -2.7715 -0.95345 -1.8401

1. 3.1075 2.4192 2.1974 -1.5538 -1.7071 -0.70711 -1.0987

0.1 0.9745 0.43166 0.29382 -0.88591 -0.4833 -0.30151 -0.26711

0.01 0.47245 0.1105 0.04701 -0.46777 -0.11931 -0.0995 -0.04654

0.001 0.2556 0.032639 0.008079 -0.25537 -0.0336 -0.031607 -0.008071

To implement us, it is necessary to provide estimates of the servo-
command states. This is done by constructing an observer for the servo-
command process. As given in [1], the observer is constructed as

- (E+NG)c - Nyc (106)

The error in the servo-command estimate is defined as

* ec = c - c , (107)

and the evolution equation for this can be found as

S c - (E+NG)ec + 11(t) . (108)

The gain represented by the matrix N is chosen to make ec * 0 "rapidly." For
this example, one has

(E+NG) - [: 1] (109)

and the characteristic polynomial for (E+NG) is calculated as

X n n 2 -0 (110)

14
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It is desired that the roots of Equation (110) be placed at 1 2 - -8,
* i.e., that the characteristic polynomial be

2 + 16 + 64-0 . (ii)

A comparison of Equations (110) and (111), results in

n1 - -16, n2 - -64 . (112)

Therefore, Equation (106) can be represented as

-16~ 1 -1

- - Yc , (113)
kC -64 0 C2 / 64

and implemented to provide estimates of the servo-command states. The control
us as given by Equation (44), with K1 and K2 from Equations (95) and (96),
respectively, can now be implemented as

u - - 1 BT K£ R71 BT Kxc

- -(1/r)(kx3il + kx4x2 + kxc3 CI + kxc4 C2) • (114)

Figure 1 is a block diagram of the overall system, including the
servo-command observer, the plant, the composite plant/disturbance observer,
and the control components.

This system was simulated on a digital computer and several runs were
made. Table 2 is a listing of the simulation. Figure 2 shows the response of
the system to an initial condition of y(O) - 1, for each of the values of R
listed in Table 1. Figures 3 and 4 show the output y(t), and the tracking
error, respectively, in response to a servo-command input of yc - 1 + 0.lt,
with w - 0, for each value of R. The best performance is seen to be for R =

0.001. Figure 5 shows the system performance in response to the initial con-
dition and the external disturbance w - et, with yc - 0. Again, the best per-
formance is with R - 0.001.

Figures 6 and 7 show the system output and tracking error, respec-
tively, for a case with R-0.001, w - et and yc a 1 + 0.lt, and Figure 8 gives
a plot of w versus time. Figures 9, 10, and 11 are system outputs, with R =

0.001, to servo-command inputs of 2t, -2-4t and -10+10t, respectively. As
shown, the servo-tracking error remains small.

To check the sensitivity of the controller performance to variations
in the gains, a set of runs were made with 5% and 10% gain variations. Figure
12 shows the servo-tracking error for a case with R - 0.001, with yc - 0, w -

0, and with system gain variations of +5% and +10%. Figure 13 shows similar
data for a case with yc - 1 +0.lt. As shown, the system response is very sen-
sitive to small gain variations.

15
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TABLE 2. Simulation Listing for System of Figure 1

COMMN XdO~,3x1U)KMTTTx
DIMNION X(DAT(20)
NYARuIS

* URITE(20)VAR

* THIS PROGRAM SIIU.ATES THE EXAMPLE PLANT
VITH THE CONTROL DESIGIED USINC

* JOHNON'S METHOD 1

D0 100 IN1,08
DXC I )0.

*100 CONTINUE
X44) a1.
TIIIE-0.
NX14
DT4.01
PRINTW, ENTER R,VC,UCI,YCO,YCI
ACCEPT., 3,UCO, MCI, ycoTCI
PRINT,' ENTE X1X3,XKX4. XIXC3. XKXC4
ACCEPT*, XX3, XKX4, XKXC3, XKC4

S12 -- 17.
XPI -196
XP2 *-207.
EDARI w -1296.
EBAR - -208.
13 a 1./R
M~c a0.
US a 0.
U - 0.

S YC.a@.

1000 CONT IIji
IFCTIME.GELI1.) GO TO 99"
IPRTwIPRT+I
*0 200 KUTT=1,4
9 a McCFVCCITIME)
YC a YCO + TCIOTIME
SCERRa X(2) -YC
SCTK3 a -S5ER
DXCI) - -64.*SCERR
D1(2) - XU) - 16.S~CERR

US w -XRUCXKC4.XCI)4XKXC3.XC*X2),XKX36X(4)+4XK4(-SI2IXC4)4XCE)))
UC - S110XC4) - X(7)

UaUS +UC
*DX(3) aU + +X(4)

DXC4) a 1(3)
DX(5) w XPIsX(4) + SI1sICE) + US!)
9X(6) a X(G) + U + X2*X(4) + 612*1(6)
X2NAT a -SIZSX(4) + X(6)
DXC?) a EBARIOXC4) + X(7) + SIL#XCS)
OX(S) a EUAR2vX(4) + US * 912'*X(G)
GO TO C30,S0,30,40).KUTTA

30 CONT INUE
* TIHKaTINE+. BD?

*40 CONTINUE
60 CALLRIM

17



TABLE 2. Simulation Listing for System of Figure 1 -Continued

aRE 8Y - XC(4)
EXER - V - XM7
XDAT(1)aX(1)
XDAT(2)nX(2)

4 XDAT(3)wX(3)
XDAT(4)=X(4)
XDAT(S)*Xt§)
XDAT(6)*X CS)
XIAT(7)-X(7)
XUAT(Bax(S)
X(DAT(9)OYC
XIMT(1@)-TIME

X(DAT(12)uIJ
XUAT( 13)-X2HAT
XDAT(14)=TRKE
)=T( 15)=SCTKE
XDATC 16)=V
KF(IMRIJE.10) 6O TO 500

IPATUO 'X4,
PRINT0,' TINE a -,TME' (T Wa X(), YC vYC

500 go TO 1000
5 CNTINUE

STOP
ED

* fflUUiTIIC MMi
COWIO XCU),DX(8),WUTTA,Dr,NX

DIMIGIN XA(B) ,DXA(9)
0O TO (10,30,30,70),KUTTA

10 DO 20 IM1,NX
KA(IDUX(I)
DXA(I)MDTRDXCI)

4.20 X(I)-X(I)+.8.DXACI)

30 TDT=2.*DT
IIDT-.5'DT
30 40 1-1, NX
DM(I3DXM I)+TITIDXC I)

40 X(I)sXA(I).HDT.DX(I)

50 90 60 I=i.NX
VOT-DTEIX(I)
DXA(I)nDXA( I)2.VDT

60 X(I)=XA(I)+VD7
RETtMN

*70 30 90IINK
80 X(I)uXA(I)+(DXA(x)+DTuoX(I))/6.

REflNW

18
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Figure 2. Servo-tracking error, as a function of R, for a case
vith yc -0, w -0, y(O) -1.

10.0

R-0 0 16

.64 u

.12

02.44.08 6. 12 8. 16 TO. 2

TIME (SEC)

Figure 3. Plant output response, as a function of R, for a case
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Figure 4. Servo-tracking error, as a function of R, corresponding
to Figure 3.

.'2 R-0. 001
RO. 

O
.24 R-0. 1

-. 04

0. 2.04 4.08 6.12 8.16 t0.2

TIME (SEC)

Figure 5. Plant output response, as a function of R, for a case
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Figure 6. Plant output response, for R *0.001, for
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Figure 7. Servo-tracking error corresponding to Figure 6.

21



4 -

.24000

E406

441500

46
14"4w

_ .. 000
WE+00 0. 2.04 4.06 6.12 8. is 0.2

TIME (SEC)

FigueFigure 8. External disturbance magnitude.

.76

252

mC

W".28

a,. z
H.04

0. 2.04 4.00 6.1L2 8.16 10.2
4TIME (SEC)
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Figure 10. Servo-tracking error, with R -0.001, for a case
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Figure 11. Servo-tracking error, with R 0.001, for a case with
Yc -10 + lot, v ec, y(O) - 1.
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Figure 13. Servo-tracking error, with R 0.001, with system gain
variations, for a case with Yc 1 + 0.1t. w et
Y(0) 1.
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To check the robustness of the controller to differences between the
actual external disturbance input to the plant and that modeled in the design
process, two additional runs were made. For one run, the external disturbance

was w - e*St . For the other run, it was w - e '*St . Figures 14 and 15 present
the results, along with a reference curve for the case with w - et. As shown,
this controller is also sensitive to mismatches between the actual and assumed
disturbances.

.32

w eO.5t

M08
Mw v et

4

0. "2.04 4.08 6.12 8. i6 10.2
T c) (SEC)

Figure 14. Servo-tracking error with Yc - 0, y(O) 1 1, for

cases with (1) w - et; (2) v - eug't. I
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0. 1.04 2.08 3. 12 4. 6 5.2
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Figure 15. Servo-tracking error, with Yc 0, y(O) - 1,

for cases with: (1) w et; (2) w e0 "S t .
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VI. DESIGN TECHNIQUE 2

In this section, the design technique proposed by Johnson in [3,6] will be
applied to the plant of Section III. As was the case in the procedure of
Section V, the control u is divided into two parts, uc and us. These two con-
trol components have the same tasks for the design of this section as they
had in the previous technique; however, the form chosen for uc is different
and us will be designed by using linear algebraic techniques.

The basic steps involved in this technique are as follows:

1. Obtain the state model for the expected external disturbances in
the form given by Equations (4) and (5).

2. Obtain the state model for the expected servo-commands in the form
given by Equations (6) and (7).

3. Check to see if the effect of the disturbances on the output can

be completely absorbed, either by choosing

uc = Ai (115)

such that

BA+ FH 3 0 (116)
or

C(t) (t, v) B(v)A( ) + F(o)H( ) , (117)

i.e., (BA + FH) is in the null space of C(t)C(t, ), in which case the disturb-
ance effects will be unobservable in the output space.

4. To design us, first check for satisfaction of the "exact track-
ability" condition 13] for exact servo-tracking, i.e.,

R[Gc(t) ] C R[C(t)] , to j t < T • (118)

If Equation (118) is satisfied, then it is possible to express Gc(t) as

GC(t) - C(t) 0t) , t o  t < T (119)

for some (possibly non-unique) matrix (t). If this condition is satisfied,

then from the expression for servo error ey, defined as

ey - Yc - y - Gcc - CX - c(9- x), (120)

a new variable e., is defined as [31

ess - - x • (121)

5. The control us is of the form (31

us - S1(t)x + S2 (t)c • (122)
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Using this definition for Us, the evolution equation for ess can be derived

as 131

iss - (A+BS1 )ess + [F - Ae + - B(Sle + S2)]c - Bi + e (t)

- (A + BS1 )ess - Vc -BZ + 04(t) , (123)

where V is defined as

V - E + AG- + (Sle + S2) . (124)

Then, us (i.e., Sl, S2 ) is designed so that ess rapidly approaches the null
space of C. This design procedure is as follows:

a. Sl is designed so that for the homogeneous differential equation
associated with the ess expression, ess + N(C).

b. S2 is designed so that the remaining terms in the 4., expression
which can affect ess are either zeroed out or are confined to the null space
of CO. The terms in question are given by Vc, as defined in Equations (110)

and (111), since Bi is in the null space of C$ and will not affect the output.
Thus, S2 is designed so that

- B( c)Sl( )9(c) - B( z)S2(x)]

- C(t) (t,T)V(C) = 0. (125)

6. Finally, the state reconstructors are designed to give estimates
of the plant, disturbance and servo-command states to permit practical imple-
mentation of uc and us .

Steps 1 and 2 above, were accomplished in Section III, with the
disturbance state model given by Equations (27) and (28) and the servo-command
model by Equations (33) and (34). For step 3, since the plant in this example
is time-invariant, the requirement given by Equation (117) reduces to the re-
quirement (31 that

C[i IAB] -0, (126)

where

B BA + FH . (127)

Making appropriate substitutions into Equation (127) results in

S(0)(O) (128)
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and it follows that

A - -1 (129)

will satisfy both Equation (116), and Equation (126). The control uc, there-
fore, is chosen as

uc - Az - -z • (130)

In step 4, a check must be made for satisfaction of the exact track-
ability condition. For this example,

rank[Gc IC] - rank[l 0 1 0] - 1
[ [ (131)rank[Gc] - 1,

hence, Equation (118) is satisfied, and from Equation (119) it is found that

e = I . (132)

To proceed with step 5, the design of the control us , from step 5.a.
above, the gain matrix S1 is to be designed so that the solution of the homog-
eneous differential equation

ess - (A + BSl)ess (133)

approaches N(C) rapidly. For this example, Equation (133) can be expanded as

M [ 12 es, = Aless , (134)
s [+Sll 812

and the characteristic polynomial of Al is found to be

- Sl2k - (sll + 1) - 0 . (135)

* For good response, it is desired that the characteristic roots of A1 be lo-
* cated at

- -10 , (136)

i.e., that the characteristic polynomial of Al be given by

X + 20X + 100 - 0 . (137)

* Equations (137) and (135) will be equal if

Sll -101, s12 - -20 • (138)

4
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The next step in the design procedure is step 5.b., the design of S2.
As stated earlier, S2 must be designed so that Equation (125) is satisfied.
From [3], in order to satisfy Equation (125) it is necessary and sufficient
that an S2 exist so that

BS2 - V + C - A0+ G-BS1 0, to< t < T (139)

for some matrix V which satisfies C(t)?(t, r) V( r) - 0, to < - < t, to < t < T.
Therefore, find a V and then solve for S2 from Equation (139). To satisfy
Equation (139), V must satisfy the condition (3]

rank[B J V + G-A8 + ] = rank[B] • (140)

If Equation (140) is satisfied, then (3]

V + G - AO + e = Br (141)

for some, possibly non-unique, matrix E.

For this example, Equation (140) is expanded as

rank(BIV + EE-AO+ -rank[ 0 V +[ ii0 (142)

rank[BJ - rank 1,(143)

and it can be seen that

ran 1 + 1 1 (144)

if V is chosen to be 0. This choice for V will also satisfy Equation (125).
Given this choice for V, Equation (141) can be expanded as

and therefore Z is given by

E - (-1, 0) . (146)

Next, find an S2 which will satisfy Equation (139) by setting [3]

S2 - Z - S1. (147)

From Equation (147) then, S2 is found as

S2 - (-1, 0) - (-101, -20) - (100, 20) . (148)
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The control us, as given by Equation (122), can now be expressed as

us  S X+ S2c = (-101, -20)x + (100, 20)c , (149)

and the total control vector u is

U W uc + us - -z -101x -20x2 +100cI +20c2 . (150)

For practical implementation, estimates of the plant, servo-command, and
disturbance states must be used and Equation (150) implemented as

u -z - lOixl - 20x2 + 100cl + 20^2 . (151)

The estimates of the plant and disturbance states will be provided by
a full-order composite state observer designed using a "recipe" provided in
[3]. The observer is defined by

A+ KjC - L y + U (152)K2C LK2

By defining the estimation error as (xj c.)T - (xj z)T - (x z)T, the error
between impulses of a(t) can be shown to obey the homogeneous differential
equation

(~)EA Kl12E) (153)
• K2C ] (153

The gain matrices K1 , K2 are designed so that (exi Ez)T + 0 "rapidly."

Using the plant/disturbance models given in Section III, Equation
(153) is expanded to give

S+k12 0 1 (154)Sk2  l "

The characteristic polynomial of A2 is

X3 - (kll +1)%2 + (kll -kl2 -1)X + (1+k12 -k21 ) = 0 . (155)

It is desired that the observer poles be located at

XI a=-4, X2  -5, pX 3  -7, (156)

* which would result in a characteristic polynomial of
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-VV--w

+ 16X 2 + 83X + 140 - 0 . (157)

A comparison of Equations (157) and (155) permits the gains to be calculated
as

kll -17, k1 2 - -101, k21 - -240 . (158)

Using these gains, the observer is implemented as

/x\ -17 1X 1

x2 -100 0i 2  - 101 Y '+ ( u .(159)

( ) L-240 0 lj - - 2400)

The observer used for the servo-command state estimates is the same one de-
signed in Section V, Equation (113).

Figure 16 shows a block diagram of the plant/observer/controller com-
posite system for the design of this Section. This system was simulated on a
digital computer and several runs were made to check the performance of this
system (see Table 3 for a simulation listing).

Figure 17 gives the tracking error for two cases: (1) yc 0 0, w - 0
and (2) Yc - 0, w - et. The curve for case (1) corresponds to the results
shown in Figure 2 for the controller of Section V, and seems to yield about
the same response as the case with R - 0.001 on Figure 2. Figures 18 and 19
show the output and the tracking error, respectively, for a case with yc
1 + 0.lt, w - 0. These results correspond to those of Figures 3 and 4. The
settling times of the transients agree with the results in Figures 3 and 4 for
the case with R - 0.001, but the magnitudes of the excursions are less for the
controller of this Section. Figure 20 shows the output response for a case
with Yc - 1 + 0.1t, w - et, corresponding to the results shown in Figure 6.
The transients in this case are again smaller in magnitude than those in
Figure 6. Figure 21 presents the tracking errors for four cases: (1) Yc =

1 + 0.1t; (2) yc - 2t; (3) Yc - -2-4t; (4) yc - -10+10t. These curves cor-
respond to the data shown in Figures 7, 9, 10, and 11, respectively. The re-
suits are equivalent.

Several runs were made to check the sensitivity of the controller de-
sign of this section to variations in the gains. Figure 22 is a repeat of the
case in Figure 16 with yc - 0, w - 0, but with +5% and +10% variations in the
gains shown on Figure 16. The results correspond to the results in Figure 12
for the design in Section V. As shown, the system in this section is not as
sensitive, even to +10% gain variations, as was the system of Section V. In
fact, as shown in Figures 23 and 24, the controller of this section can with-
stand gain variations from -25% to +50% without significant performance degra-
dation.
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TABLE 3. Simulation Listing for System of Figure 16

DIMENSION XDAT(20)

WIlTC20)NVAR

C THIS NROM 310ILTES A W - EXP(TIME)
C VITH A STATE OBSERVER FOR A SERVO-PROBLEM
C FOR JOHNISON'S METHOD 2 £
C ---f-----------ub~.*uuE5UU U~f

D0 100 1=1,7
DX CI)= ..

XC(4) a 1.
TIME-0.

PRN*,ENTER UCO,MCI,YCO,YCI
ACCEPT', UCO, MCI, YCO,YCl
PRINT', ENTER CAIN NULTIPLIER
ACCEPT.. GhER

XiN1 a -16.0(1.409R)

911 a -101.s(1.4GIP)
S12 = -20.0(1.+C MR)

* Ku1 a -t7.v(1.+GMUR)
)(K12 a 11314MR
XK21 = -240.*CI.*GIW)
921 a 100.0C1.4CM9)
522 a 20.0(1.4CNPR)
tic 0.
ts 0.-
UU 0.
U 0.
YC a 0.
IPRT4

1000 CONTINUE
IFCTIIEC.1O.) 6O TO 9999
IPRTUIPRT'1
00 200 KUTTAnt,4
V a Uc0*EXP(WCi0rIME)
TC a YCO * YC1*TIME

SCR a XC2) - YC

DX(I) a -64.0SCERR
DX(2) a XUI) - 16.ICR
US = S110X(4) + 91201(6) + S21'X(2) + S22.X(1)
tiC w -X(7)

vX(3) w U + V + X(4)
B XC4) - X (3)
DXCI) a -X(KllIXC4) + XK119X(5) + X(6)
DXCI) a C1.+)(K12)*X(S) - XK12'X(4) + US
DX(7) a -XK21eX(4) + XK216XC5) + X(7)
GO TO C30,60.30,40),KUTTA

30 CONTINUJE
TIIC=TINE*. 5DT

40 CONTIM.E
60 CALL. RUNK

200 CONTINUE
IRER a iC - X1(4)
EXER a W - X(7)
XDATCI)SXCI)
XDAT(2)=X(2)
XDAT(3)-X(3)

* XDATC4)-X(4)
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TABLE 3. Simulation Listing for System of Figure 16 -Continued

XDAT(61.XLS)

XIAT(7)-XC7)
X3ATC3)wEER
XDAT(9)uTC
XDAT( 10)=TIIE
XDAT( 11)USA
XIAT( 12)ULC
XNATU13)a2HA
XIAT( 14)TKM
XDAT(1U)uSCTKE
DMAT(16.wU
IF(IPRTJE.1o0 c To 500
*IIEC2O) CXDATC I. I=j.VAR)

P RINT*,' TIME - '1JME, Y(T) *',X(4),' YC a ,yC
C PRINT'' TC * ,TC,0 YCHAT - ',XC2).' U -1UC PRINT*,' V ',V,' MA~T - ',X2HAT,' X(2) -',X(3)

500 CO TO 100

ED

SUUROUINE RtM
CVOM X(7),DX(7),UTA,DT,,gX
DIMMNION XA(7),DXA(7)
CO TO (1,30,50,70),KUrTA

10 DO 20 I.1NX
XA( IDEX( I

20 XCI)uXCI)+.uDXACI)

30 ThT*2.uIT
*Ta. 5*DT
D0 40 Int, N
§XA(IDuDXA(I).TDT.DX(I)

40 X(I)nXA(I)+MT,XCI)

50 D0O60It.NX
VDTUDTNDXCI)

q DOXA(I)-DXA(I),2. 'VDT
60 XCI)=XA(I)+VUT

70 DO 9 IUiNX
8O X(IDuXA(I).(DXA(+,TpX(I,,,6.
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Figure 17. Servo-tracking error for cases with (1) Yc 0,________________________ S

w 0; (2D yc -0, w -c

2.2 ..

1.99

1.5'.

S..-

1.24

z

S.62

02.44.08 6.12 8.16 1.
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Figure 18. Servo-command input and pglant output response for

Yc *1 + 0.lt, V 0, Y(O) -1.
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*' Figure 19. Servo-tracking error corresponding to Figure 18.
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Figure 20. Plant output response for a case with Yc - 1 + O.1t,

w et, y(O) - 1.
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3.2
(2)

0 .4 (3)

X (i) c 1 + 0. € i
Wi -2.4 ( C +

0 (2) Yc - 2t
z
--5.2 (3) Yc " -2 -4t

a (4) Yc -10 + 10t

0_ O. 2.04 4.06 6.12 8.16 10.2

TIME (SEC)

Figure 21. Servo-tracking error for four cases: (1) Yc 1 1 + 0.1t;
(2) Yc = 2t; (3) yc -2 -4t; (4) Yc - -10 +10t.

.6

.32

v.04

0W -.24 20.8.

H-.52 -

.. 0. 2.04 4.08 6.t2 B.6 10,2.

TIME (SEC)

Figure 22. Servo-tracking error, for a case with Yc = 0, w = 0,
for +57. and +107. system gain variations.
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.28 -25" -.O4

0. 2.04 4.06 6. 2 8.16 10.2
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Figure 23. Servo-tracking error, for a case with Yc - 0, w - 0,

for +257. and +50% system gain variations.
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.236
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n,W- -.092

-. 5 Z- NOMINAL

-.42
0. 2.04 4.08 6.12 8.16 10.2
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Figure 24. Servo-tracking error, for a case with Yc - 1 + 0.1t,

w - et, with +257. and +507. system gain variations.
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VI
Two runs were made to investigate the robustness of this controller to

differences between the actual and assumed external disturbance inputs to the
plant. Figures 25 and 26 present the results, versus a reference curve for v
- • t , for cases with w - e .-5t and v - el.St, respectively. As shown, this
controller is also sensitive to variations from the assumed disturbance model.

1.32

Aw
84 " w =.eO.St

W .36
Z W= et
z'- -.12

0 . 2.04 4.08 6.12 8.16 i0.2

TIME (SEC)

Figure 25. Servo-tracking with Yc 0, y(O) 1 1 for cases with:

(1) w - et; (2) w eO.St .

.6

-L. 92

,0 -4.44

W -6 .9 6  W el t

z
• .- 4 -9.48

0. 1.04 2.08 3. 12 4.1i 5.2

TIME (SEC)

Figure 26. Servo-tracking error, with Yc - 0, y(O) = 1, for cases

with: (1) w - et; (2) w 1 el. 5 t

I,
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VII. DESIGN TECHNIQUE 3

In this section, the design technique proposed by Davison and Goldenberg
in [8] and by Davison in [9] for design of a "robust feedback controller" is
applied to the design of a controller for the plant of Section III. The ro-
bust feedback controller consists of [8] a "servo-compensator" and a "stabil-
izing compensator." This design technique assumes that the plant is linear
and time-invariant and is described by the general form given in Equations (8)
and (9). The tracking error is the difference between the output and the
specified reference input and is given by Equation (10). The general form of
the model for the external disturbance is given by Equations (11) and (12) and
the general form for the servo-command input is given by Equations (13), (14)
and (15).

The steps which comprise the design procedure for the robust feedback
controller are as follows:

1. Check for satisfaction of the necessary and sufficient condition
for the existence of a robust controller for the system. In order that a
robust controller exist, the following conditions must all hold (8]:

a. (A,B) must be stabilizable.

b. (Cm,A) must be detectable, where ym Cmx + Dmu + Fmw are
the only outputs which are available for measurement.

c. m > r (160)

d. The transmission zeros of (C,AB,D) do not coincide with Xj,
i - ----- q.

e. ym must contain the actual output y.

Conditions c and d are equivalent to satisfaction of [8]

rank - n + r , I - 1,2,--,q. (161)
C D

To perform this step, it is necessary to have the minimal polynomials of the
matrices used to model the disturbances and servo-commands (A1 and A2 in
Equations (11) and (14)). The k are the zeros of the least common multiple
of these two minimal polynomials.

The form of the controller, if one exists, is chosen as [81

u - KO x + K& , (162)

where & is the "servo-compensator" output and is an rq-vector and i is the
"stabilizing compensator" output.

2. Design the servo-compensator, according to a recipe given in (8].
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3. Since the plant in this example is unstable, a full-order stabil-
izing observer is designed and applied to it to provide a stable, satisfactory
dynamic response.

4. The controller gains K0 and K in Equation (162) are chosen so that
the composite system has a satisfactory dynamic response and the complementary
controller is implemented to provide the estimates of the plant states used in
the control u.

To proceed with step 1, first determine the minimal polynomials of A1
and A2. The matrix Al is given in Equation (29) as A1l 1. The minimal poly-
nomial of A1 , A1, is found as

A1 - X -1. (164)

The matrix A2 is given in Equation (35) as

A2m[ qI (165)

and the minimal polynomial of A2, A2, is found as follows. The characteri-
stic polynomial of A2 is

XI - A2  - X2 
.(166)_

2
Since A2 is not a null matrix, but A is a null matrix, the minimal polynomial
of A2 is given by2

A2 - 2 (167)

The least common multiple of A1 and A2 is

A -X 2 (X- 1) ,(168)

and the zeros are seen to be

X1 0, X2 0, X3  1 .(169)

Proceeding with step l-a-, (A,B) must be checked for controlla-
bility. The pair (A,B) will be completely state controllable if, and only if,
the composite matrix P1, where

P1 - EBjABI (170)

is of rank n [111. For this example then, with A and B as given in Equation
(22),
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P1I I (171)

rank [P1] - 2 - n, (172)

therefore, the pair (A,B) is completely state controllable.

From step 1.b., the pair (C,A) must be checked for observability.
The pair (C,A) is completely observable if, and only if, the composite matrix

P2, where

P2 - (CTIAT CT] (173)

is of rank n [11]. For this example, with C given in Equation (23),

P2 [ (174)

rank[P 21 - 2 - , (175)

therefore, the pair (C,A) is completely observable.

To check for satisfaction of the conditions in steps 1.c. and
1.d., Equation (161) will be used with the X's of Equation (169). For X1 - 0,
the result is

rank 3 m n + r - 3 . (176)
10

For X2 
= 0, the result is the same as in Equation (176). For X3 

= 1, the re-
sult is

rank -3 n + r 3 (177)10

* Equation (161) is thus satisfied for each X.

Since y, the actual output, is assumed to be measureable, step
1.e. is satisfied. Therefore, a robust controller exists for this system.

The next step in the design procedure is 2., the design of the
servo-compensator. The general servo-compensator is described by [8]

- C*& + B'e, (178)

where e is given by Equation (10), and [8]

- iB (179)
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C* r block diag(C, C, , C) t-1  (180)

r matrices

with v a non-singular real matrix; B a real matrix of rank r such that (block
diag (C, C, -- , C), B) is controllable; and C is defined as a qxq companion

matrix of the form [8]

0 1 0 0
o 0 1 0

0 I 0 I(181)
CL I I I I

I I I I I
I t I I I ",

L- 1 . . .62 -6"q

The coefficients 61, 62, - , 6q in Equation (181) are the coefficients of

the polynomial

+ 6 0-1 + --- + 2 X 8 (X - Xi), (182)
qili

where the Xi are the zeros of A. Expanding Equation (182) using the X's of
Equation (169) results in

(X- Xl)(X- X2)(X- X3) - X2 (X- 1) = - X2  , (183)

and the coefficients 61 are seen to be

61 - 0, 62 - 0, 63 =-i. (184)

For this example then, the matrix C of Equation (181) is given by

0 (185)

Following a suggestion in [8], let the matrix T = I and let B 

block diag ( yi, Y2,-- , yr) where Y1 - Y2 . Yr - (0 0 -- 0 1 )T.
In this case, since r - 1, one has

B*= =B - (0 0 1)T , (186)

C* 0 (187)
0

The servo-compensator is thus implemented according to Equation (178) as

00

i2 0 01 2 + (Y - Yref> • (188)
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* The next step in the process is step 3, the design of the full-
order stabilizing observer. The structure of this observer is given in (8] as

I(A -KC)P + Kc(y -Du) + Bu, u - Kp + uO  (189)

and it is to be applied to the plant so as to provide a stable, satisfactory
response, with Kc chosen so that (A-KcC) is stable. The parameter u° is given
by Equation (162). For this example, the matrix (A-KcC) can be expanded to
give

[0 11_ (kcPl) (1, 0) [kci 1]
(A-KcC) - I M (190)

'S 
1  0 ~ kc/ [1-kc2 0J

and the characteristic polynomial of A is found as

X WX + kclX + (kc2 -1) * (191)

Using pole placement techniques, place the roots of Equation (191) at

X1 m-4, X2 -- 5, (192)

which would result in a characteristic polynomial of

X2 + 9X + 20 - 0 (193)

By comparing Equations (193) and (191), the gain components can be calculated
to be

kcl - 9, kc2 21 • (194)

The observer given by Equation (189) can be implemented as

p 1 +(9 + +0 \. ( 1 9 5 )\ P21 -20 0 P )y 1P1 + k'2 P)

This observer was combined with the plant model (with uO=O) and simulated on a
digital computer. Appropriate values were chosen for the gain components k1 ,
k2 to give adequate performance. These gains were chosen as

k -- 40 , k2 - -5. (196)

The last step in the design is step 4 above, the evaluation of the
gains K0 and K for the controller u and the implementation of the complemen-
tary controller. The gains K0 and K are to be chosen to provide a satisfactory
dynamic response from the augmented system described by (8]
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A+BK ~-BK 0 B

0 A-KcC + u, (197)

u( ) (Ko , 0, K) x u(198)

y - (C+DK, -DK, 0) + u. (199)

These gains are found, again, using pole placement techniques. By making the
appropriate substitutions into Equation (193) an augmented system for this
example is expressed as:

0 1 0 0 0 0 0 x

i2 k0 1 -39 k0 2-5 40 5 kl k2  k3  x2

- 0 0 -9 1 0 0 0 xl-Pl

i2- 0 0 -20 0 0 0 0 x2-P2  .(200)

0 0 0 0 0 1 0

0 0 0 0 0 0 1 &

1 0 0 0 0 0 13

Let the matrix in Equation (200) be denoted by '. The characteristic polyno-
mial of A can be found to be

X7 - (k02 -13)X 6 - (k01 +8 k0 2 -90)X
5 - (8kO1 +11 k0 2 -k3 -347)X

4

- (ilko1 -20ko2 +k2 +9k3 -329)X
3 - (-20ko1 +k1 +9k2 +20k 3 +780)X

2

- (9k1 +20k 2)X - 20k1 - 0 . (201)

If it is desired that the roots of Equations (201) be placed at

X,- X2  -4, X3 - X- -5, X5 - A6 X7 -7, (202)

the gains can be solved for and the results are
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K0 - (k01, k0 2 ) - (-348., -26.) (203)

K - (kl, k2, k3 ) - (-6860.,-6027.,-2473.) . (204)

The robust controller, as given by Equation (162), is

uO -(-348., -26.) (xl + (-6860.,-6027.,-2473.) (C1) (205)

The vector x is the output of the general complementary controller defined in
[81 in the form

x - Ai + Bu (206)

^A

P (A-KcC)P + Kc(y-Du) + Bu (207)

y -CX + Du (208)

u = + u0 (209)

- A block diagram of the composite system, consisting of the plant
(Equations (22) and (23)), the servo-compensator (Equation (188)), the full
order stabilizing observer (Equations (195) and (196)), the complementary
controller (Equations (206), (207), (208) and (209)) and the robust controller
(Equation (205)), is shown in Figure 27.

A listing of the digital simulation for the system of Figure 27 is
given in Table 4. A series of runs were made, using this digital simulation,
to investigate the performance of the plant/controller system shown in Figure
27. Figure 28 gives the tracking error for cases with Yref - 0, w - 0 and

Yref ' 0, w m et. Figures 29 and 30 present the plant response and tracking
error, respectively, for a case with Yref - I + 0.lt, w - 0. Figures 31 and
32 show the plant response and tracking error, respectively, for Yref - 1 +
0.1t, with and without the external disturbance. Figure 33 shows a comparison
of the tracking errors for four cases with w - et: (1) Yref - I + 0.1t; (2)

Yref - 2t; (3) Yref - -2-4t; (4) Yref - -10+lOt and Figure 34 shows the plant
output response and servo-command input for the case with Yref - -10+10t-.

To investigate the sensitivity of the performance of the control-
ler design of this section to variations in the system gains, a series of runs
were made as discussed in the previous two sections. Figures 35 and 36 show
the tracking error for a case with Yref - 0, w - 0 for +5%, +10%, and +25%,
+50% gain variations, respectively. As shown in these figures, this control-
ler is not very sensitive to the +10% gain variations, however, the -50% vari-
ation just about doubles the system settling time. Figure 37 shows the re-
sults of +25% and +50% gain variations when Yref - 1 + 0.1t, w et.
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TABLE 4. Simulation Listing for System of Figure 27

COMaM X(11),§K(11),K1'A,DT,NX
DINMENSION XDAT(21)
WAR-21
*ITEC20)NVM

C
.. C THIS PROGRAM SIMLUATES A N = EXP(TIME)

C VITH A STATE OBSERVER FOR A SERVO-4'ROULEN
C FO DAVISON'S METHOD I

DO 100 1.1,11

XCI )O.
9 10 CONTINUE

X(5) 8 1.
TIME-0.

DTUO.OI
PRINT20' BITER WCO.Ulci,.YCOIPYCI'
ACCEPT*, WCO, WC1, CO, YCI
XXII a -40.
X=12 u -5.
XKCI a 9.

XKC2 a 21.
XKBR a0.
UCC a 0.
UOPT a0.
UHAT = 0.

4U 00.
YC a 0.

IPRT-O
1000 CONT INUE

IFCTIME.GE.I0.) GO TO 999
IPRT-IPRT4I
DO 200 KITTAI14
W = UCOEXP(CUCITIHE)

YRF- YCO + YCisTIME
DXCI) = -YREF + XCI) + XCI)

DXC3) a X(2)
UOPTa-M07. £XC2)-6S60. IXC3)-2473. *X I ).4C
U a UPT + XKBR
DXC4) = U + V + XC5)
DXCI) a X(4)

*X(G) a XKCISXCI) - XKCi*X(6) * X(7)
DXC7) * C.-X=CZ)§XCS) + X=CZ§X(51 + U
XXII XK11SXC6) + XX12*XC7)
UHAT a UOPT + XKII*XCIO) + XK12vX(11)
DXCI) aUHAT + XC9)
DICS) aXCI)
UCC m -26.00C) - 348.00C)
DX(1O) a X(KCIVXC9) + XCII) - X(KCI'XCIO)
DXCII) u CI.-XKC2)0XCIO) .XKC2%X(9) + tUiAT
GO TO (30,60,30IP40),KUTTA

30 CONTINUE
TIME=TIHE+.5uDT

40 CONTINUE
60 CALL RtMC

200 CONTINUEYRF-X)

XDAT(I)=XCI)
XDAT(2)=XC2)
XDATC3)=XC3)
XDAT(4)uXC 4)
XDAT(5)-XC5)
XDATCE)aX(6)
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TABLE 4. Simulation Listing for System of Figure 27 -Continued

XIATCU)uX(U)r

XDAT(10)uX(I0)
XDATCII*X(II
XDAT(12)-TIME
XDAT(13)wDX(1)
XDATC 14)UtOPT
XDAT( 15)-U
XIAT( l6)=V
XDAT( 17)XKM
XDAT( 19)-YREF
XIAT(19)uNAT
XDAT(20)WC
XDAT(21)TR
tU(IPRT.NE.10) CO TO 500
URIIE(20) (XDATCDI, NVAR)
IPRT-0
PRINT*,' TINE a ',TIME,' Y(T) u ,XCUf),' YREF = ,YRCF

500 GO TUO 00

STOP

END
SU3RUJINE RUM~

DIHENION XA(1)DXACII)
GO TO (10.30,50.70).KUTTA

10 30 20 1-1,NX
XACZ)SX(I)
DXA(I)=DTIDX(l)

20 X(I)=X(X)4.5*DXA(I)

30 TDTw2. DT
NDTw.5.DT
30 40 lont, NX
VXA (D)=DXA(M +TDT*DX( ID

40 X(I)-XA(I1)+WlTWDX(I)

50 D0 60 1n.N1
VOT-DT*DXC I)
OXA I )-DXA( 1)42. IVDT

60 XCI)-XA(I).YDT
RETURN

70 30 90 I-t1NX

90 X(I)nXACI),(DXA(I).DT*DX(I))/6.
RETURN
EDD
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Figure 28. Servo-tracking error for cases with: (1) Yref " 0, w 0,
y(0) - 1; (2) Yref - 0, w - et, y(O) - 1.
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Figure 29. Servo-conand input and plant output response for
Yref 1 + 0.1t, w - 0, y(O) - 1.
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Figure 30. Servo-tracking error corresponding to Figure 29.
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Figure 31. Plant output response for a case with: (1) Yref 1 + 0-1t,

w 0, y(O) -1; (2) Yref -I + 0-1t, w et. y(O) u1.
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Figure 32. Servo-tracking error corresponding to Figure 31.
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Figure 34. Servo-co-mand input and plant output response for

Yref - -10 +lOt, w = eE, y(O) 
= 1.
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Figure 35. Servo-tracking error for a case with Yref " 0, w - 0,

for +5% and +10% system gain variations.
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. Figure 36. Servo-tracking error for a case with Yref 0, w- 0,
for +25%. and +507. system gain variations.
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Figure 37. Servo-tracking error for a case with Yref -1 + 0-1t,
w - et, y(O) -1 for +25. and ±50%. system gain
variations.
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Two additional runs were made to investigate the robustness ofthis controller to differences between the actual and assumed disturbance in-
puts to the plant. Figures 38 and 39, respectively, show the results for
cases with w - e0 -St and w - el.5t, compared to a reference curve for a case
with v - et. The results indicate that the controller of this section is less
sensitive than the controllers of the previous two sections to these differ-
ences.

The plots presented in this section show that this controller de-
sign exhibits much larger initial transients than the controllers in Sections
V and VI. Apparantly this is due to the influence of the K term in the equa-
tion for uO (Equations (162) and (205)). If this term is removed from u* and
the system is subjected to the initial condition y(O) - 1, the transient re-
sponse is more like that exhibited by the other two controller designs.
Figure 40 shows a comparison of the system response, for the design of this
section, to the initial condition for a case with u* of Equation (205) in-
cluded and a case with uo - Kax.

1 .2 . . . . . . I . . I . . . -

* .76

Ow e 0 .5 t

0 .32

W .12
w et

z
14-.56

Q

0- 0. 2.04 4.08 6. 12 8.16 10.2

TIME (SEC)

Figure 38. Servo-tracking error, Yref - 0, y(0) = 1, for cases with:

(1) w et; (2) w _ e0 "S t .
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Figure 39. Servo-tracking error, Yref - 0, Y(.O) 1, for cases

with: (1) w -et; (2) w - el.5t.
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Figure 40. Servo-tracking error for a case -with Yref -0, w- 0,
Y(0) - 1 and with: 1l) u0 as given by Equation (205);
(2) u0 with only the KOR term included.
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VIII. SUMMARY AND CONCLUSIONS

The controller design procedures given in References [1,2,3,8 and 9] '

are all straightforward, in that, "design recipes" are given for calculating
the required controller structures. However, the techniques all reflect the
fact that as the order of the composite system increases, the matrix manipu-
lations involved in the design processes become involved and tedious.

Johnson's linear algebraic design technique resulted in the simplest
controller structure. Both of Johnson's design approaches, for the given ex-
ample, resulted in an implementation with fever additional integrators than
Davison's technique. However, had the plant been stable, thus not requiring
the inclusion of the stabilizing observer in the overall system, Johnson's
optimal controller and Davison's controller would have been of about equal
complexity. Johnson's optimal controller, with the reduced order observer and
the required optimal gains, was computationally the most complex of the meth-
ods to implement.

As shown in the plots in Sections V, VI, and VII and the comparison
plots in Appendix A, both of Johnson's designs gave comparable performance,
including transient response. However, the design which used the linear
algebraic approach gave the best overall performance. Davison's design exhib-
ited the worst transient behavior, however, as indicated in Section VII, modi-
fication of the servo-compensator might improve this.

Johnson's optimal controller design proved to be the most sensitive to
variations in the system gains, even to as little as 5 percent variation. The
other two controllers were able to withstand up to 50 percent gain variations.
All of the controllers were sensitive to differences between the actual and
modeled external disturbance input.

When the external disturbance input to the plant was as modeled, all of
the controllers were able to accommodate the effects of the external disturb-
ance and achieve good servo-tracking out to t - 10 seconds. After about 10
seconds, none of the controller designs were able to completely negate the
external disturbance effects. With no external disturbance included, all
three controllers exhibited good servo-tracking when the simulation was run to
t - 25 seconds, although in some cases, the controller in Section V began to
drift.
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APPENDIX A

To help compare the performance of the controller designs of Sections V,
VI and VII, the data shown on earlier plots in each of those sections were
consolidated. Each plot in this Appendix contains three curves for each con-

* dition considered, one curve corresponding to each of the controller designs.
* Figures A-1 through A-7 compare the servo-tracking performance of the control-

lers for the various cases. Figures A-8 through A-13 compare the performance
of the controllers when the system is subjected to gain variations. Figures
A-14 and A-15 compare the performance of the controllers when the system is
subjected to an external disturbance different from the assumed disturbance.

In addition, some results were generated to demonstrate the tracking per-
* formance of the controllers over a longer period of time than was shown in the

previous plots. Figure A-16 is a comparison plot of the system performance,
out to a time of 15 seconds, when the plant is subjected to an initial cond-
ition of y(O) - 1 and w - et. The performance of all the controllers, in the
face of the external disturbance, is shown to be good out to about t - 12 sec-
onds. Considering the magnitude of v at t - 15 seconds (v - 3269020) the per-
formance indicated is very good but the trend in the magnitude of the servo-
tracking error is obvious. Figures A-17 through A-22 show the performance of
the controllers, with w - 0, over an interval of 25 seconds. The designs of
Sections VI and VII performed well. The design of Section V, as shown by the

* data in Figures A-18, A-20 and A-22, allowed some error buildup.
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Figure A-6. Servo-tracking error comparison with w - et.
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Figure A-8. Servo-tracking error comparison, with +10% system gain
variations, w -0, yc -0, y(O) -1.
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Figure A-9. Servo-tracking error comparison, with -10% system gain
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Figure A-11. Servo-tracking error comparison, with -10% system gain
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